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'^H I Abstract. We consider a four-dimensional PDE possessing partner symmetries mainly on 

^\ • the example of complex Monge- Ampere equation (CMA). We use simultaneously two pairs 

Cn I of symmetries related by a recursion relation, which are mutually complex conjugate for 

CMA. For both pairs of partner symmetries, using Lie equations, we introduce explicitly 
f~| I group parameters as additional variables, replacing symmetry characteristics and their com- 

Cl^< plex conjugates by derivatives of the unknown with respect to group parameters. We study 

the resulting system of six equations in the eight-dimensional space, that includes CMA, 
four equations of the recursion between partner symmetries and one integrability condition 
of this system. We use point symmetries of this extended system for performing its symmet- 
ry reduction with respect to group parameters that facilitates solving the extended system. 
This procedure docs not imply a reduction in the number of physical variables and hence we 
^^ . end up with orbits of non-invariant solutions of CMA, generated by one partner symmetry, 

^ ' not used in the reduction. These solutions are determined by six linear equations with con- 

J^ . slant coefficients in the five-dimensional space which are obtained by a three-dimensional 

Legendrc transformation of the reduced extended system. We present algebraic and ex- 
ponential examples of such solutions that govern Legendre-transformed Ricci-flat Kahler 
metrics with no Killing vectors. A similar procedure is briefly outlined for Husain equation. 

^^ , Key words: Monge-Ampcrc equation; partner symmetries; symmetry reduction; non- 

invariant solutions; anti-sclf-dual gravity; Ricci-flat metric 
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. P. . 1 Introduction 



In our recent papers [H O [3l [U [5] we demonstrated how to use partner symmetries for obtai- 
ning non-invariant solutions of four-dimensional PDEs of Monge- Ampere type, which determine 
Ricci-flat metrics with no Killing vectors in the anti-self-dual gravity. Here we present another 
method of solving this problem by introducing explicitly group parameters of two pairs of partner 
symmetries (mutually complex conjugate for real equations like CMA) as additional variables in 
the system of four equations that determine recursions between the partner symmetries. For this 
purpose, we use Lie equations of partner symmetries for replacing their symmetry characteristics 
with derivatives of the unknown with respect to group parameters. Such an approach can be 
applied to any non-linear PDE of the Monge- Ampere type which admits a symmetry condition 
to be of a divergence form. The resulting system of five PDEs, that also includes the studied 
equation of the Monge- Ampere type, has one non-trivial integrability condition, which means 
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that both pairs of partner symmetries commute with each other, so that we end up with six 
PDEs for one unknown in the eight-dimensional space of independent variables. 

The problem of finding a solution of this extended system becomes much easier if we use three 
point symmetries of this system for performing its symmetry reduction with respect to a com- 
bination of variables involving group parameters. (One symmetry is not used for the reduction 
and so we still keep the dependence of solutions on one group parameter.) This does not mean 
a reduction in the number of "physical variables" because only group parameters disappear from 
the set of independent variables. Hence we still obtain a noninvariant solution that depends on 
the four physical variables and one remaining group parameter. Performing Legendre transfor- 
mation in two physical variables and one group parameter we arrive at a system of six linear 
equations with constant coefficients for one unknown with five independent variables. One can 
easily construct many explicit solutions of this system which govern the Legendre-transformed 
heavenly metric. To illustrate this program, we consider CMA as a main example together with 
a brief outline of a similar procedure for the Husain equation. For the elliptic CMA we construct 
explicitly algebraic and exponential solutions. 

We emphasize that our task here is not to obtain solutions of the original CMA equation, 
which would require application of the inverse Legendre transformation in two variables to our 
solutions, but rather to construct Ricci-flat vacuum metrics (solutions of Einstein equations 
with either Euclidean or neutral signature) with no Killing vectors (continuous symmetries). 
For this purpose, we apply the inverse one-dimensional Legendre transformation with respect to 
the group parameter to noninvariant solutions of the linear system which results in solutions of 
the Legendre-transformed CMA that determine metrics with the above properties. The general 
form of these metrics is obtained by a two-dimensional Legendre transformation of the Kahler 
metric with respect to a couple of complex conjugate physical variables. 

In Section [21 we derive an over-determined system of six equations in eight-dimensional 
space with one unknown and a set of eight independent variables containing four symmetry 
group parameters. This system does not generate further independent second-order integrability 
conditions and it determines a class of solutions of the elliptic and hyperbolic CMA. 

In Section [3l we list all point symmetries of this extended system and perform a symmetry 
reduction with respect to two group parameters. We calculate all point symmetries of the 
resulting system of six equations in six-dimensional space and use one of the symmetries for 
further reduction of this system with respect to one more group parameter, with one group 
parameter still remaining as the fifth independent variable. 

In Section [4] we show how by applying Legendre transformation in three variables, including 
the group parameter, one arrives at a system of linear partial differential equations with con- 
stant coefficients for one unknown in a five-dimensional space, which does not generate further 
independent second-order differential constraints. Many explicit exact solutions of this system 
can easily be obtained. 

In SectionlH we obtain the Legendre transform of the Kahler heavenly metric, using Legendre 
transformation with respect to two "physical" variables only. One should be careful to perform 
correctly three-dimensional Legendre transformation of the metric involving a transformation 
with respect to the group parameter. Otherwise, the differential of the group parameter appears 
in the transformed metric which results in the metric not being Ricci-flat anymore. Therefore, 
in the next section we have to apply the inverse one-dimensional Legendre transformation in 
the group parameter to solutions of the linear system in order to obtain the potential v, that 
governs the Legendre-transformed metric. 

In Section [6l we present examples of exact algebraic and exponential non-invariant solutions 
of our equations which determine Ricci-flat metrics not admitting Killing vectors. 

In Section [71 we derive an overdetermined system of six PDEs with one unknown and a set 
of eight variables containing four symmetry group parameters, which determines a class of 
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solutions of the Husain equation. This system includes one second-order integrability condition 
of the other five equations and it has no further second-order integrability conditions. 

2 Basic equations 

We are interested in non-invariant solutions of the complex Monge- Ampere equation (CMA) 

UilU22-Ui2U2l=^, e = ±l, (2.1) 

which is closely related to the first heavenly equation of Plebahski [6]. Symmetry condition, 
that determines symmetry characteristics [7] (/? of (j2.ip . 



%IV'22 + «22Vli - '"l2V'2i - ""21^12 = (2.2) 

can be set in the total divergence form 

{Uilip2 - -"21^1)2 - (^129^2 - ""22^1)1 = 0. 

This suggests local existence of potential tjj defined by the equations 

Ipl = U1HP2 - U2WI, 11)2 = Ui2ip2 - U22VI (2.3) 

together with the complex conjugate equations 

^1 = %I<^2 -'"12'^I, -02 ='U21'^2 - «22'^1- (2-4) 



A straightforward check shows that the potential ijj also satisfies symmetry condition (12. 2p . so 
that ip is also a symmetry if (^ is a symmetry and hence the relations (j2.3p and (|2.4p are recursion 
relations for symmetries ( "partner symmetries" ) . Transformation (12. 3p is algebraically invertible 
since its determinant is equal to e due to (12. ip . Inverse transformation has the form 

V'l =£(%#! -'"llV'2), ¥^2 = e('U2#l - «2lV'2) (2-5) 

together with its complex conjugate 

f^l =^(«2lV'l -'"llV'2), (P2=e{u22i'l-Ui2i^2)- (2.6) 

For symmetries with characteristics 99, c^, ^ and ^, Lie equations read 

Lp = Ur, 'f = Uf, V = Ua, tp = Ua, (2.7) 

where r, a together with their complex conjugates f, a are group parameters. Simultaneous 
inclusion of several group parameters as additional independent variables implies the commuta- 
tivity conditions for corresponding symmetries in the form 

iff = (fr, tpa = V'ct, ^a = V'r, ^a = V'r 

and complex conjugates to the last two equations. 

We now use (12. 7p to replace symmetry characteristics by derivatives of u with respect to 
group parameters in equations (j2.3p . (|2.5p and their complex conjugates (|2.4p . (j2.6p with the 
result 

U^l = UiiUr2 - U2lUrl, U„2 = 'Ui2'"t2 " '"22^x1, (2.8) 

Url=e{Uy2U„l-U^lU„2), «r2 = £(^22'"^! " '«2l'"o-2) > (2-9) 
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and the complex conjugate equations 

Ual = UllUf2 - ■"2l'"fl> Ua2 = Ul2Uf2 " '"22«fl) (2.10) 

Ufi= e{Ui2U^l-UilUa2), Uf2 = e{u22Ual-U2lUa2)- (2.11) 

We note that four equations (j2.9p and (|2.1ip are algebraic consequences of other equations (j2.8p , 
(|2.10p and CM A. We note also that CM A itself follows as an algebraic consequence from equa- 
tions (|2.8p and (|2.10p . We choose equations (|2.8p . (|2.10p and the first equation in ()2.1ip (since 
we regard CMA as algebraically dependent equation) as a set of five algebraically independent 
equations. 

One can easily check that cross-differentiations of these equations with respect to group 
parameters yield only identities, e.g. {u„i)f = {Ufi)a- implies 

{UllUr2 - U2lUTl)f = £{u2lUla " UllU2a)a, 

which is identically satisfied due to existing equations. 

To study further differential integrability conditions of our system, we set the first equations 
in (fZS]) and ^AT\i in the form 

{UuU2)r = [Ua + U2Url)l, {UiiU2)a = {u2U^l - eUf)l. (2.12) 

Equations ()2.12p constitute an active system since they have a second order nontrivial integra- 
bility condition obtained by cross-differentiation of these equations with respect to a and r and 
further integration with respect to z^ 

eUrf + Uaa + '"ct2'"t1 " 'Uct1'"t2 = 0, 

where the "constant" of integration can be eliminated by a redefinition of u. To make this 
equation self-conjugate, we multiply it with an overall factor Uii and then eliminate UiiUa2 and 
UiiUr2 in the last two terms of ()2.12p using first equations in (j2.1ip and ()2.8p . respectively, with 
the final form of the integrability condition 

UilieUrf + Uaa) - £UrlU;fi - U^lU^l = 0. (2.13) 

In a similar way we obtain another form of the integrability condition 

U22{eUrf + Uaa) " £Ur2Un " U„2'U-52 = 0. 

We can choose ()2.8p . ()2.10p . ()2.13p and first equation in (j2.1ip for the set of algebraically 
independent equations. All other equations, including CMA, are linearly dependent on the 
chosen equations. One could also check that there are no further independent second-order 
differential integrability conditions of our system of six equations. 

3 Symmetry reduction of extended system 

From now on we set e = +1 and thereby concentrate on the elliptic CMA as an example. We list 
the generators of all point symmetries of the extended system of six equations CMA, (12. 8p , (I2.10p 
and (|2.13p (first equation in (|2.1ip also admits these symmetries as an obvious consequence) 



Xi 


= dr, Xi=df, X2 = da, X2 = da, X3 = Tdr + Cri 


Xs 


= f(9f + ada, X4 = z^d2 - z'^do, + fdf - rdr + crda - o-d^, 


X5 


= rda - adf, X5 = fd^ - adr, Xq = z^d2 + z^d2 + udu 
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Xa = a{z^,z'^,f,a)du, Xg. = a{z^,z'^,T,a)du, (3.1) 

Xc = 0^182 - 0^281 + {tCo- - acf)du-, 

Xc = 0^182 - 0^281 + (f c<j - acr)du, Xf = f{T, a, f, a)du, 

where a, a, c = c{z^,z'^,f,a), c = c{z^,z'^,T,a) are arbitrary functions and f{T,a,f,(j) satisfies 
the equation frf + faa = 0. We note that obvious translational symmetry generators 9i, 5j, 82 
and 82 are particular cases of the generators X^. and X^. 

We also note that if we perform the symmetry reduction with respect to the two symmetries 
X2 — jXi and X2 — 7X1 in (j3.ip simultaneously, then solutions satisfy the additional constraints 
Ufj = 'yur and u^ = jUf. In this case our equation (|2.13p becomes 

(1 + Jj)uilUrf - UlrUl^ - JJUlfUf^ = 0, (3.2) 

that is equivalent to the general heavenly equation of B. Doubrov and E. Ferapontov [8], which 
depends essentially on a single parameter. 

We specify two symmetries from ()3.ip for a symmetry reduction of the extended system 

Xj = 8r-Xdi, Xj = 8f-Xdi, (3.3) 

where A is a constant parameter with |A| = 1, so that A = A^^. Solutions of CM A invariant 
with respect to symmetries (j3.3p are determined by the conditions 

Ur = Aui, Uf = X~^Ui. (3.4) 

Using ()3.4p . we eliminate Ur and Uf in all the equations (j2.8p . (j2.10p . first equation in ()2.1ip 
and (I2.13P to obtain 

U^l= X{UilUi2-U2lUii), U^2 = ^(""12^12 -«22'"ll)> (3-5) 

Ual = X~'^{u^lUl2-U2iUll), 7X^2 = A"^ (nja^is " '"22^il) ) (3-6) 

Ull = X{ui2Ual - UilUa2), (3.7) 

UilUaa - UlaUl^ = UllUii - uli. (3.8) 



We note that equation (13. 8p can be obtained by the Legendre transformation 



V = u — Z^Ul — z^ui, p = —ui, p = —Ui 



of the CMA in new variables 

1. 



All point symmetry generators of the system of equations CMA, (j3.5p . ()3.6p and ()3.8p (and 
the equation in (j3.7p as a consequence) are listed below 

Xi = z^di - z^8i - 2iz^d2 - ^82), X2 = z^82 + z'^82 + u8u, 

X3 = aia)82 + ^iz^fa\a)8u, X, = b{a)8-2 + ^(z'fb\a)8u, 

X, = c'{a){z'8i - z'82) + c{a)8^ - l.{z')^z^c"{a)8u, 

Xe = d'{a){z'8i - z^a^) + d{a)8^ - ^{z'fz^d"{a)8u, 

Xr = -Xf^2{z'^,a)8i + z^fa{z'^,a)8u, Xs = --5^2(2^, a-)9i + z'^ga{z'^,a)8u, 
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Xg = h{z'^,a)du, Xio = k{z'^,a)du. 



(3.9) 



To simplify the problem of solving our equations, we make another symmetry reduction with 
respect to group parameters that does not imply a reduction in the original "physical" variables. 
For this purpose, we use the symmetry X^ — iX^ = i{da — da) from the list (j3.9p taken at c{a) = 1 
and d{a) = 1. The invariance condition for solutions is u^ = u^ = Up, where p = a + a is the 
invariant variable which replaces a and a as an argument of u. Equations p.Sp and (|3.6p become 

(3.10) 



Upl = X{uilUi2 - U2lUu), Up2 = \{Ui2Ui2 - U22U11) 

together with their complex conjugates, while first equation in (j2.1ip becomes 

Ull = \{ui2Upl - UilUp2) 

and equation (j3.8p takes the form 
UllUpp - UlpUlp = uuuii 



u 



11- 



(3.11) 



(3.12) 



4 Linearizing Legendre transformation 

Equation ()3.12p is linearized by the three-dimensional Legendre transformation 



u = w — pWp — pwp — rWr , 



-W' 



p, 



-m 



P' 



where w = w{p,p, r, z, z) depends on the new variables p, p, r, z 
takes the form {wpp + Wrr)/D = 0, where 



D 



def 



Wpp 


Wpp 


Wpr 


Wpp 


Wpp 


Wpr 


Wrp 


Wrp 


Wrr 



/o 



P=-Wr, (4.1) 

z"^, z = z^. Equation (fXT2D 

(4.2) 



is the existence condition for Legendre transformation (j4.ip . Thus, equation (j3.12p becomes 
a linear equation 



Wpp ~r W^T 



0, 



while the first and second equations (I3.10p and their complex conjugates take the form 

WppiWppWzr - WpzWpr) + XWpr{WprWzz " WpzWsr) 

+ Wpp[wpsWpr - WppWzr + \{WzrWsr - WzzWrr)] 

- Wp2 [wppWpr - WppWpr + X{WprWzr - WpzWrr)] = 0, 

respectively, together with their complex conjugates and equation (j3.1ip reads 

WppWrr - wl^ - KWprWpz - WppW;,r) 







(4.3) 
(4.4) 

(4.5) 
(4.6) 



after canceling nonzero factor D due to condition (14. 2p . Eliminating Wpp from (14. 4p with the aid 
of ()4.3p . we obtain ()4.4p in the form 



Wpr{\Wzr - Wpp) - Wrr{Wpr + Xwpz) 

Similarly, using (j4.3p in (|4.6p . we obtain 



0. 



Wrr{XWzr - Wpp) + Wpr{Wpr + Xwpz) = 0. 



(4.7) 

(4.8) 
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Determinant of the algebraic system of two latter equations is nonvanishing: wlj. + WprWpr 7^ 0, 
since otherwise Wrr = and Wpr = Wpr = separately which contradicts condition (|4.2p . 
Therefore, equations (|4.7p and (j4.8p become 

Wpp — XWzr = 0, Wpr + Xwp^ = 0. (4.9) 

Now we use linear equations ()4.3p . (|4.9p and their complex conjugates in equation ()4.5p to obtain 

{Wpp + W^s) {w^p + WpzWpz) = 0, 

which obviously implies 

Wpp + Wzz = Q, (4.10) 

since otherwise t(;pp + WpzWpz = implies that Wpp = and Wpz = Wpz = 0, which means sym- 
metry reduction with respect to physical variables that we wish to avoid. Thus, we end up with 
the six linear equations (j4.3p . (|4.9p . (|4.10p and complex conjugates of the two equations (|4.9p . 
One can check that the complete system of six second-order linear equations does not generate 
further second order integr ability conditions. 

We emphasize that these six linear equations were obtained by symmetry reduction in the 
number of group parameters only, with one remaining Legendre transformed group parame- 
ter r. No reduction with respect to original "physical" variables has been performed, so that 
we are able to obtain noninvariant solutions of CMA by solving linear equations with constant 
coefficients. Noninvariant solutions of the general heavenly equation (13. 2p can also be obtained 
by solving a linear system. 

We note that Legendre transformation with respect to symmetry group parameters was also 
used by M. Dunajski and L.J. Mason for linearization of equations that determine invariant 
solutions of the hierarchy of the second heavenly equation of Plebahski [9] . 

5 Transformation of Kahler metric 

Solutions u = u{z^ , z^ , z^ , z^) of the complex Monge-Ampere equation (12. ip govern the Kahler 
metric [6] 

ds =2uiidz dz -\-2ui2dz dz +2u2idz dz +2u22dz dz , (5-1) 

which is an (anti-)self-dual Ricci-flat metric and hence it satisfies vacuum Einstein equations 
with Euclidean signature. 

To obtain a correct transformation of the metric ()5.ip . we restrict transformation ()4.ip to 
physical variables only, so that the Legendre transformation reads 

u = V — pvp — pvp, z = —Vp, z = —Vp, z = z, z = z, 

dz^ = - {vppdp + Vppdp + Vpzdz + Vpzdz), 

dz^ = -{vppdp + Vppdp + Vpzdz + Vpzdz), (5.2) 

where v is related to w in (j4.ip by the one-dimensional Legendre transformation (|5.4p . Met- 
ric (15.11) after transformation (15.211 becomes 



ds"^ = — [vpp{vppdp + vpzdzf + vppivppdp + Vpzdz)"^] 

-\ —{vppdp + Vpzdz){vppdp + Vpzdz) -\ dzdz, (5-3) 

'^pp^ Vpp 

where A = VppVpp - v'^p, A+ = VppVpp + v^p. 
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We are able to construct many solutions w = w{p,p, z, z, r) of the system of six linear equa- 
tions with constant coefficients: (|4.3|) . (|4.1U|) . (|4.9|) and complex conjugates of the two latter 
equations. In order to reconstruct corresponding solutions v(p,p, z, z, p) that govern metric (j5.3p . 
we will use the one-dimensional Legendre transformation 

p = —Wr, v = w — rwr, r = Vp. (5-4) 

For given w{p^p,z,z,r)^ equations (j5.4p determine the function v{p,p,z,z, p) in a parametric 
form where r is the parameter. In examples of the next section, we show how to obtain an explicit 
form of the potential v of the metric (|5.3p by applying an inverse Legendre transformation with 
respect to the group parameter to a solution w of the linear system. 

6 Examples of exact solutions determining Ricci-f lat metrics 
with no Killing vectors 

Here we present some examples of non- invariant solutions of our equations that determine Ricci- 
flat metrics of the form (j5.3p that do not admit Killing vectors. For simplicity, we set A = 1 in 
equations (14. 9p . 

One general type of solutions of linear equations (|4.3p . (j4.9p . (|4.1Up and complex conjugates 
of equations (|4.9p has the form 



ai 

w 



-- F{a,Ca + i'na)da + '^Fj{^a, +iria,) + c.c., (6.1) 

where here and further c.c. means complex conjugate of the previous term(s), a is real, 

Ca=P + P + iaip-p), 110 = V^ir + Pa), 

a + i a — i _ o 

Pa = :Z-\ :z, 7 = a +1, (6.2) 

a — I a + I 

where bar means complex conjugate. 

6.1 Algebraic solution 

Here we restrict ourselves to the case of the discrete spectrum in ()6.ip and the cubic solution of 
the form 

w = a{^a + iilaf + 6(C/3 + iil/jf + c.c. 

= A[Cl- 3jUr + f^af] + C [SClir + Pa) - l{r + p^f] 

+ B[ff,- 36^0{r + p^f] + D [Sf^ir + p^) - 6{r + p[sf] , (6.3) 

where A, B, C, D are arbitrary real constants 

A = a + a, B = b + b, C = iy/^{a-a), D = iV6{b-b), 

^p and pp are obtained from ^q and pa in (j6.2p by replacing a by /3, setting (5 = /3^ + 1 and 
■qp = ^/5{r + pji). Solution of the form (j6.3p is the simplest nontrivial algebraic solution in this 
class because a quadratic solution corresponds to constant metric coefficients in (|5.3p and hence 
to a vanishing connection and curvature tensor. 
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According to the Legendre transformation (|5.4p , r is determined in terms of p and "physical 
variables" by the equation Wr + p = 0- With w determined by (|6.3p . it takes the form of the 
quadratic equation for r 



kr + 2lr + m = 0, 



(6.4) 



where 



k = n + DS, 1 = 7(AC„ + Cpo.) + KBip + Dpp), 

m = 7(2^eaMa + Cpl) + 5{2Bippp + Dp}) - dl - Df^ - ^ 



(6.5) 



with the solution 

-l±^/A 



where A = / — km. 



(6.6) 



Next, we use (j5.4p in the form v = w + pr and replace r by the expression ()6.6p with the 
definitions (16.51) to obtain 



k^ 



{Ps±VAP2), 



(6.7) 



where 



P2 = (i{A-fsJ^ + B5splp) + C [3s2 - 7 (A + 3/^)] + D [3^ - 5 (A + 3/^)] + k^p, 
P3 = A [si - 3-fSa (A + ll)] + 5 [4 - 36s^ (A + l})] 



3CL 



7 A + ^ 



3Dlf 



4-^U + 'i 



k^pl 



and Sa = k^a, sp = kS^p, la = 1 — kpa, Ip = I — kpp. Here P2 and P3 are polynomials in p, p, z, 
z of degrees 2 and 3 respectively. 

By construction, the expression (j6.7p for v satisfies the equation resulting after two dimen- 
sional Legendre transformation (j5.2p of CM A equation (j2.ip with e = +1 



'^pz'^pz VppVzz I VppVpp fpp 



0, 



(6.8) 



which governs the Legendre-transformed metric (j5.3p . Solutions (|6.3p and (|6.7p for t/; and v 
are obviously noninvariant, since there is no symmetry reduction in the number of independent 
variables in these formulas. Therefore, solution ()6.7p . being used in the metric ()5.3p . yields 
a Ricci-flat metric of Euclidean signature with no Killing vectors. 

We can convert formula (j6.7p for the solution to the polynomial form 



k^v^ - 2k^P3V + P| - AP| = 0. 
By the change of variables v = V^ and p = o"^ , solution ()6.9p becomes 
A:V^ - 2A;^P3y^ + -Pe = 0, 



(6.9) 



(6.10) 



where Pq = P^ — AP| is a homogeneous polynomial of degree 6. Hence, our solution (|6.10p is 
the set of roots of the homogeneous polynomial of degree 6 in the six variables V, p, p, z, z, a. 
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Remark 6.1. In our construction, we could skip the reality condition and replace the complex 
conjugate variables z^, z^ by two more independent complex variables z^, z^ . Then CMA 
equation (|2.ip is replaced by the first heavenly equation of Plebahski [6] 

^11^22 ~ ^12^21 ~ 

and its Legendre transform has the form (j6.8p with p, z replaced by p, z respectively. Its 
algebraic solution is obtained from our real solution by the same replacements in formulas (j6.2p 
with u and v considered now as holomorphic functions of complex arguments and arbitrary real 
constants replaced by complex ones. Such a complex solution, being the set of roots of the 
homogeneous polynomial of degree 6 in the six complex variables V ^ p, p, z, z, a, determines 
a four-dimensional compact manifold in a five-dimensional projective space CP with the local 
coordinates {V/a,p/a,p/a,z/a,z/a) [TO] . 

First example of an algebraic solution that governs anti-self-dual gravity was presented in 
our recent paper [11]. 

Ricci-flat metrics in Euclidean signature with no Killing vectors on a compact manifold 
are interesting because they satisfy necessary existence conditions for the famous gravitational 
instanton K3 J12j . whose explicit form is still unknown and presents an "outstanding open 
problem in Riemannian geometry and the theory of gravitational instantons" [13] , 

6.2 Exponential solution 

Now we choose the exponential solution belonging to the discrete spectrum in (j6.ip 

y^ _ g^^Hia+iVa)/y^ _|_ Qg-«(?a - J»?q)/ ^7 _)_ fjQ-ii^ff+iVll) / V^ _|_ l^ii^p-irifi) / ^ (6.11) 

with the same expressions for 7, 6 and ^a,i3, ila,i3 as before. After using these expressions in (|6.1ip 
together with the definitions of arbitrary real constants 



cos 9 = —— , 

\/7 


OL 

sin 9 = —- , cos (j) - 


1 

^/5' 


sm d) = —= 
V6 


A = a + a, 


B = b + b, C = i{a- 


-a), 


D = i{h- h) 


one obtains 








w = e~^G{p,p, 


z,z) + e''H{p,p,z,z), 







(6.12) 
where we have defined 

G = exp [cos {29){z + z) + i sin {29){z - z)] 

X {A cos [cos9{p + p) + ism.9{p — p)] + Csin [cos9{p + p) + isin9{p — p)]}, (6.13) 
H = exp [— cos (2(j)){z + z) + i sin {2(j)) {z — z)] 

X {B cos [cos 4>{p + p) + i sin (j){p — p)] — D sin [cos (j){p + p) + i sin (j){p — p)]}- (6.14) 



The equation Wr + p = following from (|5.4p now becomes the quadratic equation for the 
exponential e^: (e^)^i/ + pe^ — G = with the solution for r 



2H 



/■ 



Using this expression for r in equation ()6.12p for w and then in the equation v = w + pr 
from (|5.4p . after elementary simplifications one obtains 

. = ±v/7TlG^ + pln|z^^±^g±M| (6.15) 
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with G and H defined by (|6.13p and (j6.14p . respectively. By construction, the expression (j6.15p 
satisfies the Legendre-transformed CMA equation (|6.8p being a noninvariant solution of this 
equation, since there is obviously no symmetry reduction in the number of independent variables 
in this solution. Therefore, solution (j6.15p . being used in the metric (j5.3p . yields a Ricci-flat 
metric of Euclidean signature with no Killing vectors. 

7 Basic equations associated with the Husain equation 

Here we demonstrate that the same approach can be applied to the Husain equation [H] 

UtyUxz -UtzUxy + Utx = 0, (7.1) 

which can be brought to a standard form by a simple change of variables. We shall briefly revise 
the derivation of the basic equations from Section [2] in a form adapted to equation ()7.ip . If c/? is 
a symmetry characteristic of (17. ip . the symmetry condition reads 



Uxz^ty + Uty^xz " Uxy^tz " Utzfxy + ^tx = 0. (7.2) 



Equation (j7.2p . taken in an explicitly divergence form, implies the existence of the potential tp 
connected with ip by the relations 

ll^t = ft+ Utyfz - Utz^y, V'x = Uxyfz " Uxzfy (7-3) 

The potential ■;/' is a symmetry characteristic of the Husain equation ()7.ip as soon as if is also 
a symmetry characteristic, so that (j7.3p determines a recursion relation for symmetries of (j7.ip . 
Using Lie equations ()2.7p . we replace symmetry characteristics ip, (p in ()7.3p by derivatives of u 
with respect to the group parameters a, f3 and 7, 6, respectively: 

Uat = Upt + UtyUp:, - UtzUpy, (7.4) 

Uax = UxyUfBz " UxzU/Sy, (7.5) 

U-yt = U5t + UtyUSz - UtzUSy, (7.6) 

U^x — UxyUSz ^xzUSy \'-') 



Equations (|7.4p and (17. 6p . written in the form 

Uat = Upt + {utyUz)(3 - {UzUpy)t, (7.8) 

u^t = ust + {utyUz)5 - iUzU5y)t, (7.9) 

imply the compatibility condition obtained by cross differentiating (17. Sp and (17. 9p with respect 
to 5 and /3, respectively, and integrating the result with respect to t 

UaS -Ui3^ + Ui3yUSz -Up^USy = 0. (7.10) 

Here the "constant" of integration with respect to t has been eliminated by a redefinition 
of u. Thus, we again have a system of six equations: (j7.ip . (J7.4p - (j7.7p and the integrability 
condition (17.10J) . 

Applying the same strategy as in Section [3l we can perform symmetry reductions of this 
extended system with respect to group parameters, which do not imply reductions in the number 
of original physical variables, and apply an appropriate Legendre transform to obtain a system 
of easily solvable linear equations. 
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8 Conclusion 

We have shown that noninvariant solutions of the complex Monge-Ampere equation can be 
obtained in principle by solving an overdetermined system of six linear partial differential equa- 
tions with constant coefficients for one unknown depending on five independent variables, that 
include a symmetry group parameter. We considered in detail the complex Monge-Ampere 
equation together with recursion relations for partner symmetries. Using Lie equations, we in- 
troduced explicitly four symmetry group parameters as additional independent variables, which 
enabled us to derive one integrability condition of the considered system. In this way, we ac- 
quired four additional independent variables, so that we could make symmetry reductions by 
eliminating three group parameters which facilitated solution process of our equations but in 
no way meant the reduction in the number of original "physical" variables. Using Legendre 
transformation in three variables, including the remaining group parameter, we arrived at linear 
partial differential equations with constant coefficients which determine symmetry group or- 
bits of noninvariant solutions of the Legendre-transformed CMA. These equations can be easily 
solved and we have shown how to use these solutions for reconstructing explicitly the potential v 
that governs the Legendre transform of the Kahler metric. We present algebraic and exponential 
examples of such noninvariant solutions which determine Ricci-flat metrics with the Euclidean 
signature not admitting any Killing vectors. We emphasize that our goal here was to obtain 
gravitational metrics with the above properties for which it was sufficient to obtain solutions of 
the Legendre-transformed CMA equation that yield solutions of CMA in a parametric form. To 
obtain an explicit form of the corresponding solutions of the original CMA, we have to apply an 
inverse two-dimensional Legendre transformation to our solutions for the potential v. We note 
that we could consider the first heavenly equation of Plebahski instead of the CMA with our so- 
lutions still being valid if we consider the variables z^, z^ not as complex conjugates to z^, z^ but 
rather as additional independent complex variables. We also note that in the same framework 
we may choose for the reduction many other symmetries from our lists. Solutions obtained with 
these alternative choices will be published elsewhere. We have also briefly outlined a similar 
approach for the Husain equation. 
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